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1. Introduction and Preliminaries

Finsler geometry contains several important classes of spaces distinguished by special tensorial relations involving the
hv —curvature tensor, h(hv) —torsion tensor (., and other non-Riemannian tensors. Notable examples include P2 —like space,
P* —space, P —reducible space, €2 —like space, C —reducible space, semi—C —reducible space and C3 —like space, which were
introduced and studied by Dwivedi [8], Izumi [16], Pandey and Dikshit [19], Matsumoto and Numata [18], Tayebi and Peyghan
[22] and Prasad [20].

The properties of these spaces in generalized recurrent Finsler spaces of the first and second orders, with respect to different
tensors in the Berwald sense, have been investigated in [3, 4, 11, 12]. More recently, some special types of generalized trirecurrent
Finsler spaces have been studied by Abdallah and Hardan [13, 14].

Generalized fifth-order recurrent Finsler space associated with thesv — curvature tensor jl}( »in the Berwald sense have also

been introduced [2]. Building on this previous study, the present work extends the study to further classes arising from the special
geometric structures described above, with particular emphasis on conditions involving the torsion tensor. Several fundamental
identities and structural properties are established for the resulting classes.

Let F, be an n —dimensional Finsler space equipped with the metric function F (x, y) satisfying the request conditions [1, 5].
The vector y; is defined by

11) ¥ = g5y .
Two sets of quantities g;; and its associative g are connected by

ik — gk —

From (1.1) and (1.2), we have

(13) a)s&y =y", b) 6/ gir = 9jr and C) 8iYi = Vi -

The (h)hv —torsion tensor j‘;c is the associate tensor of the tensor C;j is defined by [17, 21]
(14) a)Cipey' =Crij y' =Ciia y' =0, b)Chy =Cijy) =0,  ©) 8 Cry = Ciyy,

d) Cii = C » ) Cingy = Cen and ) Crn9” = Ciy,
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1. 14 o
where Cijk =56L g}k ZZaL 6} 6k Fz .

Berwald covariant derivative %, of a tensor field Tji with respect to x* is given by [10]

(15) BT = 0, T = (0,T}) G} + T Gy — TGy

Berwald's covariant derivative of the vector y* and metric tensor gy; satisfy [10]

(1.6) a) &y =0 and b) Brg; = —2Ci y" = —2y"B,Cyj. .

The tensor Pjﬁchcalled hv —curvature tensor is positively homogeneous of degree —1 in y* and defined by [1]
Pin=0,T7¢ +CLPy — Chy -

The associate tensor P, torsion tensor P;,, P —Ricci tensor Py, , curvature tensor P, of 4v —curvature tensor Pj‘}(h satisfies the
relations

L.7) P,y =Ty =P, b) Py = Py , ¢) Py = Pi
d) P, y* =P, €) Pykn 9" = Pin and ) P g? = P,
Abdallah et al. [2] introduced the generalized %P — 5"recurrentFinsler space which is characterized by
(1.8) BB, BB, By Py = Asgimn P + bsqimn ((Sjigkh — 81 gjn)
—Csqlmn ((S}'ickhl — 84 Cija) — dsqimn (8 Cinm — 64 Girm)
—€sqimn (Sjickhm — 6} Giam) — 2bgimn Y™ B (8 Cuns — 6k Gins)»

Where Asqlnm = ('%‘saqlmn) + Agimn As, bsqlmn = Qgimn Us + ('%sbqlmn ), Csqlmn = ('%scqlmn + Cqimn *%s)v dsqlmn =
(%qulmn + dgimn ,%S) and egqimy = 2(%Sblmn V' B, + by y’%se%r) are non-zero covariant tensors field of fifth order. Also
BB, BB, By is the differential operator in sense of Berwald with respect to x™, x™, x!, x% and x*, successively.

Transvecting the condition (1.8) by v/, using(1.1), (1.3), (1.4), (1.6) and (1.7), we get
(1.9) BB, BB, By Ply = Asqimn Py + bsqumn (V' Gicn — 6k Vi)
—Csqtmn (V'Ci) = dsgimn (V' Ciam) — €sqimn (V' G ) — 2bgimn Y™ B (¥ Ciss).
Contracting the indices i and % in (1.8) and (1.9), respectively. Then using (1.1), (1.3), (1.4)and (1.7), we get
(1.10) BB, BB, BPi = Asqimn Py -
(1.11) BB, BB, By Py = Asqimn Pr -
Transvecting (1.11) by y* , using (1.6) and (1.7), we get
(1.12) BBy BB, ByP = sqimn P .

Based on the assumption in [14] concerning the third-order Berwald covariant derivative of the tensors C, and Cikn» We

extend this assumption to the fifth-order Berwald covariant derivative of the same tensors, which satisfy the corresponding
conditions:

© 2026 ICJES All Rights Reserved www.icjes.com 9
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(113) '%s'%q e%l*%m Q%n Clih = asqlmn C]ffh + bsqlmn (6]l(yh - 6llzyk)

(114) '%)s'%)q '%)lggmggncjkh = asqlmn C}'kh + bsqlmn (gjk Y — gjhyk)-
2. Definitions of Special Finsler Spaces

Definition 2.1. A Finsler space F, is called a P2 —like space if the Cartan’s secend curvature tensor Py, is characterized by [16]
(2.1) Pﬁch = @; Clih - ‘Pic}kh )

where ¢; and @' are non - zero covariant and contravariant vectors field, respectively.

Definition 2.2. A Finsler space F,is called a P* —Finsler space if the v(hv) —torsion tensor P{, is characterized by [13, 16]
22) Py =¢Ci, 9 #0,

where Pj,y/ = Pi,.

Definition 2.3. A Finsler space F,is called a P — reducible space if the associate tensor Py, of v(hv)—torsion tensor Py, is
characterized by one of the following conditions [6, 8]

(2.3) By = ACyy, + @ (hjy Cy + b Cy + hiyG)
where A and ¢ are scalar vectors positively homogeneous of degree one in y/ and hji s the angular metric tensor. Also,
1
(2.4) Bien = == (Bhen + Pehyy + Py )
Whel’e[-}-kh = Cjk/’l|mym’ Pllk = Pk and h” = g” — lLl .
In P — reducible space, the ~v —curvature tensor Py, is given by [6]

(25)  Pyry = (Q)j Cien + @ uenCi + Exjh,, + Byjh, — i/j) — ASijicns
where  a)@; =4 — oG ,

b)Ey; = Cp; + 90, C + F (LG, + Ly C;)

©) By = Cup; +@Cyy + 9F ' (LiG + L;Cy) ,

d) 4 =094 and e) (pj=6j(p.

Definition 2.4. A Finsler space E, (n > 2) with C* = CjCj # 0, itis called a C2 —like space if the (h)hv —torsion tensor Cy,
can be written in the form [6, 14]

(2.6) Gy = GCiC,/C?

where C = g™ Cy, .

]

Definition 2.5. A Finsler space F, is called a C —reducible space if the (k)hv —torsion tensor Cy is characterized by the
condition [15, 18]
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1
(2.7) G = — (e G + b G + by Ci)

where &, = g — Il is an angular metric tensor.

Definition 2.6. A Finsler metric F, is called a semi—C —reducible if the (/) hv —torsion tensor Cy, is given by [6, 7]
(2.8) Gy, = [1% (e Iy + by + by 1) + ﬁljlklh]:

Where p = p(x,y) and p = p(x,y) are scalar function on E, and||I||?> = 'l .

Definition 2.7. A Finsler metric F, is called aC3 —like space if the (4)hv —torsion tensor G, is given by [9, 20]
(2.9) Cis, = [(Ai gy + Ahij + Aphyy ) + (B LI, + B L, + L1 By)],

Where A; = A;(x,y) and B;(x, y) are y —homogeneous scalar functions on F, of degree —1 and 1, respectively.

3. Generalized Fifth-Order Recurrent Finsler Spaces with P —Torsion

Definition 3.1. The generalized %P — 5 recurrent Finsler space which are P2 — like space, P* —space and P — reducible space
[satisfies the conditions (2.1), (2.2) and (2.3)], will be called aP2—like generalized %P — 5"recurrent
space, P* —generalized %P — 5" recurrent space and P —reducible generalized 2P — 5% recurrent space, respectively. These
spaces will be denoted briefly by a P2 — like — G(#P) — 5*"RE, ,P* — G(#P) — 5"RE, and P — reducible— G(%P) — 5""RE,.

Let us consider a P2 — like — G(#P) — 5" RE,. Taking % —covariant derivative of fifth order for (2.1) with respect to x",
x™, x!,x9 and x*, then using the condition (1.8), we get

By By BB By (9; Cipy — 0" Cier) = Asgimn Pic + bsqimn ((S}'igkh —8L9;1)
—Csqlmn (é}ickhl — 84 Cija) — dsqimn (8 Cinm — 64 i)
—€sqimn (Sjickhm — 84 Ciam) — 2bgimn Y™ B (8 Cuns — 6 Cins)-
Applying (2.1) in above equation, we get
(3.1) B, By By B, B (9 Clor — 9" Cirer) = Asqumn (@ Chy — @' Cien) + Bsgumn (8 gin — 649;1)
—Csqlmn (é}ickhl — 84 Cija) — dsqimn (8 Cinm — 64 G )
—€sqlmn (6jiCkhm — 8} G ) = 2bgimn Y™ B, (‘Sjickhs — 8} Gs)-
Thus, we conclude
Theorem 3.1. InP2 — like — G (BP) — 5RF,, the tensor(¢; C, — ' Cj;) is a generalized % — 5'"recurrent.
Contracting the indices iand 4 in the condition (1.8), using (1.4) and (1.7), we get
(B2  Pi=¢iC—¢'Cp-

Taking 2 —covariant derivative of fifth order for (3.2) with respect to x™, x™, x!,x%and x*, then using (1.10), we get

B By BB, B (9 Cic = 0" Ci) = squmn Py -

© 2026 ICJES All Rights Reserved WWW.icjes.com 11
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Applying (3.2) in above equation, we get

(33) '%s '%q ’%l '%m e%n ((P] Ck - (piq‘ki) = Qsqlmn (q)} Ck - q)iq’ki )
Thus, we conclude
Corollary 3.1. The behavior of the tensor (¢, C;, — ¢'Cjy;) is 5% recurrent in P2 — like — G(%BP) — 5" RF,.

Let us consider a P* — G(#R) — TRE,.Taking 2 —covariant derivative of fifth order for (2.2) with respect to x™, x™, x! x9and
x°, then using (1.9), we get

BBy BB, B (9Ci) = Asgimn Py + bsgimn (V' Gicn — 8k 1)
—Csqtmn (V' Cim) = dsgimn (V' Ciim) = €squmn (V' G ) = 2Bgimn Y™ By (¥ i ).
Applying (2.2) in above equation, we get
(3.4) B, By BB, B (9Ciy) = Asqumn (©CE1) + bsgimn (V' Gin — 6k V1)
—Csgimn (injhl) — dsqimn (injhm) — Cgqlmn (injhm) = 2bgimn Y" By (yiq'hs)-
Thus, we conclude
Theorem 3.2. In P* — G(#P) — 5*"RE,, the tensor (¢C},) is given by (3.4).
Contracting the indices i and 4 in (2.2), using (1.4) and (1.7), we get
(3.5) P, = C, .
Transvecting (3.5) byy*, using (1.6), (1.7) and put (C,y* = C), we get
(3.6) P = ¢C.

Taking % —covariant derivative of fifth order for (3.5) and (3.6) with respect to x™, x™, x!,x%and x*, then using (1.11) and
(1.12), we get

Bs By BB, B (@Cr) = Asqimn Pr
and
Bs By BB, B, (9C) = asqimn P
Applying (3.5) and (3.6) in above two equations, we get
(.7) BBy BB, Bn(9Ci) = Asqimn (9C).
(3.8) BBy BB, Bn(9C) = Asqimn (9C).
Thus, we get
Corollary3.2.The behavior of (¢C,) and (¢C) are 5 recurrent in P* — G(#BP) — 5""RE,.

Let us consider a P — reducible— G (%P) — 5" RF,.Transvecting (2.5) by g, using (1.7), we get
(39)  Bu=g" {(Q)j Cirn + @, inCi + Exjh,, + Byjh, — l/j) -2 Sijkh}

© 2026 ICJES All Rights Reserved WWW.icjes.com 12
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Taking 28 —covariant derivative of fifth order for (3.9) with respect to x™, x™, x!,x%and x*, then using (1.8), we get

B, 8,518, 5, [ 9" {(0; Cen + 0, hiaCi + Eih,, + By, /]) 2Sen}]

= Qsqimn Pien + Dsqimn (8 Gin — OF 9jn)
—Csqlmn ((S}TCkhl — 8% Ci) — dsgimn ((S}‘rckhm — 84 Cium)
—esqimn (8] Cinm — 6% Giam ) — 2gimn ¥° By (8] Cins — 6% Gips)-
Applying (3.9) in above equation, we get

(310)  #,8, 5.8, B, [ 97 {(9;Cien + @, hinC: + Esh, + Byjh, /]) A Syl

= asqlmn [gir {(Q Clkh + (P hth + Ek} h, + Bh} /]) 1 Sljkh}
+bsqlmn (6]‘rgkh - 6[: gjh) - qulmn (é}r Ckhl - 6[: C}'hl) - dsqlmn ((S}'rckhm - 61: q‘hm)
_esqlmn (5; Ckhm - 5}: thm) - qulmn yp '%)P (é}rckhs - 61: q’hs)-
Thus, we conclude

Theorem 3.3. In P — reducible — G(%P) — 5""RE,, the tensor g {((2) Cien + @ hinCi + Exjh, + Byjh, /]) ASijkh} is a

generalized5recurrent.

Transvecting (2.3) and (2.4) by g¥, using (1.4) and (1.7), we get
(311)  PL=ACh + @i Cy+ hC + by CH

(312) Pl =— (Pihyy, + Pehj, + Pyhi),

where 7l = g'h,, C'=4g'G,

P'=gip and hy= g'h, .
Taking 28 —covariant derivative of fifth order for (3.11) and (3.12) with respect to x™, x™, x! x9and x*, then using (1.9), we get
Bs By BB, B Clyy + 9(hiCy + HyCre + iy C} = Qsgimn Py
+bsqimn (V' Gin — 6k Y1) = Csqimn (V' Gim) — dsqmn (V' Giim)
—esqtmn (Y CGim) — 2bgimn Y™ By (¥'Ciis)
and
Bs By BB, B {ﬁ (P'hyen + Pehy, + Phhﬁc)} = sqimn P + Dsqimn (V' Gin — 84 V1)
—Csqimn (V' Ci) = dsgimn (V' Ciam) — €sqimn (V' G ) — 2bgimn Y™ By (¥ Ciss).
Applying (3.11) and (3.12) in above two equations, we get

(3.13) BB, BB, B2 CLy + (hi C + yCy + hyyCH}

© 2026 ICJES All Rights Reserved www.icjes.com 13
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= Ggqimn {4 Cip + @(hi.Cy + h,Cy + hCHY + bsqimn (Y Gin — 6k ¥1)

_qulmn (yiq'hl) - dsqlmn (yiq'hm) - esqlmn (yiq’hm) - qulmn yr tg/gr(yiq'hs)'

(314) BB, BB, By {—= (P'hiy + Phl, + Phi)}

1 : ) ) ) .
= Qsqimn {m (Plhkh + thiz + Phh;()} + bsqlmn (ylgkh - 6;( yh)

_qulmn (yiq'hl) - dsqlmn (yiq'hm) - esqlmn (yiq’hm) - qulmn yr tg/gr(yiq'hs)'

Thus, we conclude

Corollary 3.3. The tensors{A C}, + @(h}.C), + h},C;, + hy,CH)}and {ﬁ (Pihyy + Pehjy + Phhf{)} are given by(3.13) and(3.14)in
P — reducible — G(#P) — 5""RE,, respectively.

4. Generalized Fifth-Order Recurrent Finsler Spaces with € —Torsion

Definition 4.1. The generalized %P — 5 recurrent Finsler space which satisfies the conditions of €2 —like space, ¢ —reducible
space, semi—C —reducible space and C3 —like space, will be called a C2 —like generalized %8P — 5 recurrent Finsler space,
C —reducible generalized %P — 5t"recurrent Finsler space, semi—C —reducible generalized 98P — 5 recurrent Finsler space and
C3 —like generalized %8P — 5 recurrent Finsler space. These spaces will be denoted briefly by a €2 — like — G(%P) — 5""RE,,
C —reducible—G (#P) — 5""REF,, semi — C — reducible — G(%P) — 5""RF, and C3 —like—G (#P) — 5" RE,.

Let us consider a C2 — like — G(%P) — 5""RE, . Transvecting (2.6) by g¥, using (1.4), we get
(4.1) Ciy = C'G G /C?,

where  C' = g¥C .Taking 28 —covariant derivative of fifth order for (2.6) and (4.1) with respect to x™, x™, x’x%and x*, then
using (1.14) and (1.13), respectively, we get

B '%‘q B '%m '%n(q CkCh/Cz) = Qsqimn C}'kh + bsqlmn (gjk Yh — gjhyk)
and
c s‘%q e%l ‘%m e%n (ClC} Ck/CZ) = asqlmn Clih + bsqlmn (615,3/}1 - sllzyk)
Applying (2.6) and (4.1) in above two equations, we get
(42) '%s'%q Q%l*%m Q%n(cj CkCh/CZ) = asqlmn (C}'Ckch/cz) + bsqlmn (gjkyh - gjhyk)'
(43) B s'%)q ‘%l ‘%m '%n (Cquk/Cz) = asqlmn (CLC}Ck/CZ) + bsqlmn (aliyh - 6;,_')’]()
Thus, we conclude

Theorem 4.1. In C2 — like — G(#P) — 5""RE,, Berwald covariant derivative of the fifth order for the tensors (G Ck c,/C?) and
(C'C;C,/C?) are given by (4.2) and (4.3), respectively.

Let us consider a C —reducible—G (%P) — 5" RF, . Transvecting (2.7) by g¥, using (1.4), we get

(44) Cly = == (icCy + haC + i Cy) |

© 2026 ICJES All Rights Reserved WWW.icjes.com 14



é% International Current Journal of Engineering and Science
ﬂcj IES Volume 5, Issue 9, pp 8-18, September 2026

@ ISSN (Online): 2583-7257
Article DOI: https://doi.org/10.47001/ICJES/2026.509002

where Ci=g¥¢ and hy = g¥hy .Taking % —covariant derivative of fifth order for (2.7) and (4.4) with respect to x™, x™,
x!,x9and x°, then using (1.14) and (1.13), respectively, we get

Bs By BB, B ! (h}k Ci + hin G + i €)1 = sgimn Gien + bsgimn (Gjk Yn — GjaVx)
and
Bs By BB, B [ (hkCh + I Ct + h,CO] = sqimn Chn + Bsqimn (853 — Shyi)-
Applying (2.7) and (4.4) in above two equations, we get

(45) BB, BB, By (hjkc,, + hinGy + hy Gy )]

1
= QAsqimn [m (hjk Ch + hth}' + hhj Ck)] + bsqlmn (gjkyh - gjhyk)'

(4.6) B, B, BB, By | (HiCy + hyC + BC)]

1 . ) . . .
= asqlmn [m (h;cch + hthl + h;lck)] + bsqlmn (5Ilcyh - S}Ltyk)
Thus, we conclude

Theorem 4.2. InC —reducible—G(BP) — 5'"RE,, Berwald covariant derivative of the fifth order for the tensors [niﬂ (hjk C, +
hin G + hyj Ck)] and (hk Cp + hy, C' + R} C)] are given by (4.5) and (4.6), respectively.
Let us consider a semi — C — reducible — G(BP) — 5" RE, . Transvecting (2.8) by g, using (1.1), we get

(47) Cip = Y [ﬁ (R In + Pin Dy + by 1) + =5 L]

|IlIIz

Taking B —covariant derivative of fifth order for (2.8) and (4.7) with respect to x™, x™, x!,x%and x*, then using (1.14) and
(1.13), respectively, we get

B B BZB B [ (h]klh + hkhl + hh] Ik) + — ”1”2 I IkIh] asqlmn Cjkh

+Dbimn (gjk Yn — gjh)’k)

and
I ) .
B;B; B BnBn (9" [1+—n (i Iy + b + by 1) + o ”1”2 s b Iy 1) = Qggqimn Cin
+bsqlmn (6]iyh - 5;1yk)
Applying (2.8) and (4.7) in above two equations, we get

(4.8) B;B,B,B,,B, [ (h]k1h+hkh1 + hiIi) + 5 1 0]

iz 7

14 q
Asqimn [m (P In + hin; + by 1) + lelklh] + bsgimn (Gjk Yn — GjnYi)-

© 2026 ICJES All Rights Reserved www.icjes.com 15
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(4.9) By By BBy Bn (97 [ﬁ (R + hyend; + By 1) + #Ijlklh]) = Qsqimn (gij ﬁ(hjk Iy + hip Dy + hyi ) +

#Ijlklh]) + bsqimn (85yh — 8hY1)-
Thus, we conclude
Theorem 4.3. Insemi — C — reducible — G(BP) — 5*"RF,, Berwald covariant derivative of the fifth order for the tensors

[ﬁ(hjk Iy + hup s + by Iy +#Ijlklh]and gV [ﬁ (hie Iy + henl, + By Ty +#1,-1k1h] are given by (4.8) and (4.9),

respectively.
Let us consider a €3 — like — G(BP) — 5" RE, . Transvecting (2.9) by g, using (1.4), we get
(4.10) Cip = g7 [(A hin + Axhny + Anhy) + (B Il + [ By 1y + L1 By)] .

Taking B —covariant derivative of fifth order for (2.9) and (4.10) with respect to x™*, x™, x!,x%and x*,then using (1.14) and
(4.10), respectively, we get

BB, BBy By [(Aj hicn + Axhnj + Axhi ) + (BiIyly + I Byl + L1 By)]
= Asgimn Cikn + bimn (Gjk Yn — Gjnx)
and
BB, BB By (g7 [(Ajhin + Axhnj + Anhyy ) + (B Il + LBy ly + L1, By)])
= Qsqimn Chn + bimn (850 — S V1)
Applying (2.9) and (4.10) in above two equations, we get
(4.11) ByB, BBy B, [(Ajhun, + Aichnj + Anhy) + (B Il + Byl + L1, By)]
= Qgqimn [ (A hn + Axhyg + Aphy ) + (B LIy + [ By Ly + L1 By)]

+Dbimn (gjk Yn — gthk)-
(4.12) BB, BBy By (97 [(Ahkn + Axhy; + Aphy ) + (B LIy, + By 1, + L1 By)])

= asqimn (97 [(Ahin + Aihyj + Aphig ) + (B LIy + I Bl + L1 By)])
+bsqimn (Bkyn — Siyie)-
Thus, we conclude

Theorem 4.4. InC3 — like — G(BP) — 5" RE,, Berwald covariant derivative of the fifth order for the tensors [(A]- hin + Aghy; +
Aphip) + (BiIily + I Byl + LI Byl and g [(A by + Aihyj + Anhy ) + (BiIily + LBy Iy + L1 By )| are given by (4.11) and
(4.12), respectively.

5. Conclusion

In this paper, generalized BP — 5" recurrent Finsler space has been studied in the settings of various special spaces,

including P2—like space, P — space, P —reducible space, C2 —like space, C —reducible space, semi—C —reducible space,
C3 —like space. The main geometric properties and characterizations of these spaces have been established.
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